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Abstract

In high-dimensional regression and data mining problems, variable selection can both
significantly improve the prediction accuracy and facilitate the model interpretation.
We propose a novel variable selection approach based on sufficient dimension reduc-
tion theory. The proposed method does not require parametric model specification,
thus applies naturally to any prediction model. It also enjoys computational simplic-
ity, therefore lends itself to large-scale data and real-time applications. This report
summarizes the work to date.

1 Introduction

For the supervised learning problem with a univariate response y on a number of quantitative
predictors z € IR?, the goal is to understand how the conditional distribution of y |  changes
as a function of the value of x. The theory of sufficient dimension reduction has been
developed (Cook, 1998, Li, 2000) to replace x with a lower-dimensional linearly transformed
features nTx, where n is a p X ¢ matrix with ¢ < p. Specifically, we intend to find 7 such
that

ylz|nz (1)

With n known, the data analysis can be carried out in the transformed lower-dimensional
space 1’z without any loss of information on the targeted characteristics of the conditional
distribution of y|z. A set of estimation approaches to find 7 without requiring any pre-
specified parametric model are available. The theory has been proved successful in a large
number of real data applications; the reduction in dimension is often substantial: reduced
predictors with dimension equal to 1 or 2 are common in practice.
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Given a large number of predictors, it is reasonable to assume that some variables are
irrelevant while some are highly correlated with others. Therefore it is desired to screen out
both irrelevant and redundant features. There are several advantages of doing so. First,
the model in the reduced lower-dimensional space is more interpretable; this is especially
useful when a large portion of variables are noninformative and can be excluded from the
modeling. Second, the prediction accuracy of the model can often be significantly improved
in the reduced space, since the high-dimensional modeling inevitably suffers from the curse
of dimensionality.

We propose a novel variable selection approach in this paper within the theoretical frame-
work of sufficient dimension reduction. Specifically, we assume the existence of a subset of
variables in z, denoted as x1, with zo representing the rest of predictors in x, such that,

y o | (2)

With z; known, the second-stage analysis can be conducted in the reduced feature space xy
without loss of information on the conditional distribution of y|z. The proposed method
identifies elements in x; without any model pre-specification, therefore applies naturally to
any prediction model. It also demands relatively simple computational efforts thus is eligible
for large-scale data mining applications.

Cook and Weisberg (1982), and Cook (1987) first studied the added-variable plots in
the linear regression context, where the plots were used to examine the effect of inclusion
of z; on the linear model of y |z after x5 being present. Cook (1994, 1996) extended the
ideas of added-variable plots to general regression problems. The variable selection method
proposed in this paper is based on the work of added-variable plots and is an extension of
this graphical approach to an automated numerical procedure. The rest of the article is
organized as follows. Section 2 develops the proposed selection approach for the cases when
the response y is quantitative. Section 3 shows a number of simulation examples. Section
4 addresses the situations when y is categorical, followed by the simulations in Section 5.
Discussion is presented in Section 6.

2 Sufficient variable selection for continuous response

2.1 Development

Let Sy;(n) denote the central dimension reduction subspace (Cook, 1998) for the regression
of y on z. Partition 7 = (27, z1), where z; is p; dimensional, 7 = 1,2, and p; + p, = p.
Partition n” = (n],n)) accordingly so that the row dimension of 7; corresponds to the
dimension of z;, i = 1,2. We intend to study Sy, through the central subspace of marginal
regression Sy|;,. The relationship between Sy, and S,;, depends on the relation between
the central subspace Sy|;, and the space spanned by the columns of 7, denoted by S(n,). If
these two spaces are the same, i.e., Syjz, = S(71), we then have

Sylz € S(m) ® S(n2) C Syjar, ® IRP? (3)

An application of (3) is that, if y I ; then Sy, = S{0}, so that 1 can be removed from
the analysis of y on x. This is the basis for our proposed variable selection approach.



Next we explore the conditions that make Sy, = S(7;). First we have the following
proposition (Cook, 1998, Proposition 7.3).

Proposition 2.1 If 2y 1.nJ z, | n{ 1, then Sy, C S(m).

The condition in proposition 2.1 alone is not sufficient to conclude that Sy, = S(m).
Cook (1994) gave an example to show that it is possible for Sy;, to be a proper subset of
S(m1). However, he also suggested that the regression problems in which Sy, is a proper
subset of S(7;) might be the exception rather than the rule in practice. Henceforth we will
assume Sy;, = S(m) whenever Sy, C S(71) in the rest of the paper.

A special case for the condition in proposition 2.1 to be true is that x; 1. xo. However
both the conditions z; 1. nf zy | n¥z, and z; 1L z, seem rather restrictive from a practical
point of view. To increase the degree of applicability of the proposition, we modify the
predictors to satisfy the condition while preserving S(n;). Define the population predictor
residual

T1|2 =T — E(J)1|£E2) (4)

If the regression of x; on x5 follows an additive-location regression such that x1—E(z1|z2) 1L zo,
and we modify the predictors from z; to ry, the condition for proposition 2.1 holds. More
generally, we have the next proposition.

Proposition 2.2 If ryp 1L 25 | 7] r1p2, then y I r1) | 9] 71}2, or equivalently, Sylrys € S(m)-

Proof Firstly, by Proposition 4.5, Cook (1998), we have

yllz|nz = yl (71j2, T2) InTzy + 0l
= YU (ry2, 22) | (] z1 + m5 @2, 771T7“1|2a T3)
= yUrp| (@ + 0 22,01 T2, T2) (5)

Secondly, we observe that

ma+mae = ni (rie+ E() + E(z1]22)) + 1 22
= 12 + (n] E(z1|22) + 03 2) + 01 E(z1)

which is a function of (771T7°1|2, xs). Therefore we have
y g @1 415 22 | (1) T1j2, 72) (6)
By (5), (6), and Conditional Independence Proposition 4.6, Cook (1998), we obtain that
y Ly | () r1j2, 22) (7)
Finally, by (7), the condition 715 Il 5 | ] 712, and Proposition 4.6 again, we conclude that
y i [ mir (8)
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Therefore S(n;) is a dimension reduction subspace of regression of y on ry2 by (8). Since

).
Sylry, 15 the corresponding central dimension reduction subspace, we have Sy, , € S(m).

|’I"1|2 |7'1\2

Proposition 2.2 states that if 7 1L 25 | 7)1T7°1|2, then (y, z2) L7y | anrl‘z. This implies that
any function of (y, z,) is independent of ry}, given anmg. In particular, define the population
residual from modeling y as a function of x5 alone

rye =Yy — E(y[z2) (9)

Following the condition in proposition 2.2, we have
Corollary 2.3 If ryp Il 25| n{ 71)2, then ryo 1L 71 | 7] 71j2, Or equivalently, Sryalre € S(m)-

Again, we will assume S, ., = S(m) whenever S, .., C S(n). Moving from y to ryp
has the effect of reducing the gross variation in y in the graphical representation. A direct
application of the corollary 2.3 is that, if we know 7y IL )2, together with the condition
12 1L @2 | n{T1)2, We have S(my) = = S{0}, which in turn implies that z; can be
removed from the analysis of y on x.

To further relax the requirement of 715 Il x5 | 7’]{7‘1‘2, we let p; = 1. Under this situation,
we have the next proposition.

"‘y\2|7"1\2

Proposition 2.4 Given (a) p1 = 1, (b) ry2 1L 71j2, (¢) whenever S ., € S(m), we assume
Sty = S(m), then n; = 0, or say, x; can be removed from analysis of y on z.

Proof The proof is completed by inducing the contradiction when assuming 7, # 0. By
condition (a) and assumption n; # 0, we get 712 IL x5 | r12. Following Corollary 2.3, we
have ryp 1L 712 | 9 71)2, or equivalently, Sryalrye S S(m). Then by condition (c), we have
Sy, = S(m). Meanwhile, condition (b) suggests that S, ,r,, = S{0}, which in turn
implies that n; = 0. However this contradicts the assumption that n; # 0.

Proposition 2.4 is the theoretical basis for our proposed variable selection approach. Op-
erationally, we employ a backward one-variable-at-a-time elimination procedure. For a given
predictor z;, and the rest of predictors z2, we compute the residuals 7, in (9) and rq)2 in (4).
We then check the independence between these two one-dimensional variables ry; and 7).
If they are independent, we delete x1, and repeat the whole process for the remaining pre-
dictors. We stop when no more predictors can be removed. The next algorithm summaries
this selection procedure, and is to be referred to as the added-variable selection approach in
the rest of the paper.

Algorithm I

1. Let x.4nq denote the current set of candidate predictors. At the start of the algorithm
Teand contains all predictors in the input space. Let p..,q denote the number of variables
N Zegnd-

2. Let x; denote the ith predictor in Z.qng4, ¢ = 1, ..., Peand-
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(a) Partition Z.qnq as T1 = x;, To = T_;, where x_; denotes variables in Z 4,4 excluding
;.

(b) Compute the residuals ryj» and 2 by applying the selected smoothing approaches
to the fittings of y on T5 and Z; on I, respectively.
(c) Test the hypothesis Hy : Tyj2 1L T1j2. Store the p-value of this test.
3. Identify the predictor with the largest p-value in step 2. If this p-value exceeds a

per-specified threshold, drop the associated predictor from 4,4, decrement p.q,q and
repeat step 2; otherwise stop.

It is interesting to notice that, the condition we check in the added-variable selection
approach is
Ty|2lLT1|2 (10)

If this condition holds, the conclusion we draw is

yllz|zg & y—E(y|ze) Lzy — E(z1 |22) | 2o
= T'y|2JL7'1|2|$2 (11)

We conclude the conditional independence in (11) from the independence in (10). However,
given arbitrarily three random variables U, V', and W, the independence U 1L V' does not
necessarily imply the conditional independence U 1LV | W.

2.2 Another view

Next we examine a semi-parametric model and apply the Taylor expansion to gain some
insight to the proposed added-variable selection approach. Specifically, consider the model
of the following form

y = f(z1,79) + g(z1,72) € (12)

where ¢ I (z1,29), E(¢) = 0, Var(e) = 1, z; € R, and z, € RP~'. Some direct calculation
yields

Ty = [f(21,72) +9(71,22) € — E(f (21, 22) [ 72) — E(g(21, 72) € | 72)
= f(w1,m2) + g(z1,72) € — E(f (21, 72) | 72) — E(g(21, 72) | 72)E(e)
= f(fﬂl 2) — E(f(z1,22) | 22) + g(21,72) € (13)

Next we apply Taylor expansion of the mean function f(z;,xs) with respect to z; around
the point 1 = 0, we get

flane) = f0.2)+ fO,m) @ + 5 FO,0) 7 + R (14)

E(f(z1,20) [23) = f(0,25) + £(0,22) E(w1 | 25) + % f(0,25) B(a} | 25) + E(R| 22) (15)



Substitute (14) and (15) into (13), we get

1 .
Ty = f(0,22) 10+ 50 f(0,25) [#7 — E(x] | 29)] + [R — E(R | 22)] + g(z1,72) e (16)
We then assume g(z1,z2) = 02, a constant, and examine several cases based on (16).

Case I: If z; is not present in f(z,z,), then the first partial derivative f and all
the subsequent partial derivatives should equal to 0. Therefore there should exhibit no
dependence between 72 and ry)p.

Case II: If z; is linear in f(x,z5), then the second partial derivative f and all the
subsequent partial derivatives should equal to 0. In this case, the relation between ry 5 and
T1j2 is essentially linear, and many tests are available for picking out the linear dependence.

Case III: If x; is nonlinear in f(z1,z5), then higher (than first) order partial derivatives
are nonzero and the dependence between 7y and 15 involves higher (than linear) order
correlation. In this case we need an independence test which is able to detect the high order
correlations of two random variables.

2.3 Smoothing

The implementation of the added-variable approach involves the smoothing procedures to
obtain the residuals ryo and 1. In principle, we can apply any smoothing function to
estimate E(y | 72) and E(z; | 72) and to obtain estimates of 7, and 7. In practice, however,
we choose to use the most simple smoothing function, the linear smoothing. Define the
population OLS residuals

ey = Y —E(y) — Byp (2 — E(z2)) (17)
eip = 11— E(21) = B, (22 — E(z2)) (18)

where 3,2 and 12 are the population OLS vectors of regression of y on z2 and x; on o
respectively. We apply the independence test on ey, and ey, in place of 7,5 and ry3. There
are several advantages of doing so. First the computation of OLS estimates is inexpensive,
therefore the proposed approach is applicable to the large-scale data problems. Second,
more complicated smoothing function, e.g., a full quadratic smoothing, requires more free
parameters, thus demands a larger number of observations. This may serve to restrict
application of the variable selection approach to the problems when there are a relatively
small number of observations compared with the number of predictors.

The next proposition justifies the use of ey and ey)p in place of ry; and ry5. Its proof
follows immediately that of Proposition 2.2.

Proposition 2.5 If ey 1 75 | 7’]?61‘2, then y 1 ez | 771T61|2, or equivalently, Syje,, C S(m).-

Following the same development as for r,, and 7y, we can check the independence
between ey, and €5 to infer the exclusion of z;.



2.4 Independence test

Another component in the proposed added-variable selection approach is the independence
test of two one-dimensional random variables. Two tests are examined in our simulation
study below. One is based on the data-driven rank tests by Kallenberg and Ledwina (1999),
and the other is a modified version of the x? test.

Kallenberg and Ledwina (1999) proposed testing the independence of random variables
X and Y by detecting the correlation between the marginal distributions F'(X) and G(Y).
Their test statistic is of the form

> v = 3 { g3 (B, b(s‘T”?)} (19)

(rys)eA (r,s)eA

where {b,} are orthonormal Legendre polynomials on [0, 1], A is the set of all pairs of orders
(r, s) of Legendre polynomials under consideration, and R, S are ranks of X, Y respectively.
Notice that the first term V' (1,1) corresponds to the linear correlation between F'(X) and
G(Y), and if A = {(1,1)}, then the test statistic in (19) becomes the Spearman’s rank test
statistic (differing by a constant). Generally, the term V (r, s) reflects the correlation of rth
order polynomial of F(X) and sth order polynomial of G(Y). To choose a proper set of
orders of polynomials for A, a modified BIC selection rule was recommended. The limiting
distribution of the proposed test statistic was obtained under some mild conditions, therefore
we can compute the p-value of the independence test.

We also propose a heuristic approach, called gridded x? test, for testing the indepen-
dence of two one-dimensional variables X and Y. Specifically, a x? test is applied to the
observations divided into k? classes determined by k — 1 equally spaced values of X and
Y, and this test is repeated for a sequence of k£ ranging from 2 to a pre-specified maximum
number of classes in each variable, called K. Each x? test produces one p-value, and the
25% quartile of all these K — 1 p-values is chosen as the heuristic measure of the indepen-
dence between X and Y. This 25%- quartile-rule has been shown to perform well in our
simulations; meanwhile we set K = 10 in all simulations.

3 Simulation examples I

Example 1.1 The first example is taken from Li (1991). Let p = 10 and x4, ..., Z19,€ be
independent standard normal random variables. Consider two regression models

1 = 1 (x1+x2+1)+0.5e
z
= 0.5
b2 05+ (za + 1572~ °F

The sample size is set as n = 200. Two versions of added-variable selection approaches are
applied, one with rank test and the other with gridded x? test. These two versions will be
labeled as AVC1 and AVC2 selection rules in the rest of simulation examples for brevity.
The threshold for p-value in step 3 of Algorithm I is set as 0.1. AIC and BIC selection rules
are implemented for the purpose of comparisons. All results are based on 10 replications.
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The criteria are the percentages of times a selection rule picks out x1, xa, (z1,22), and only
(x1, z2) respectively among all replications. Figure 1 shows the barplot of those criteria when
four selection rules AVC1, AVC2, AIC, and BIC are applied to response y;. Figure 2 is the
bar plot for response ;.
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Figure 1. 1, Figure 2. yo

Example 1.2 The next example explicitly introduces a nonlinear relationship among pre-
dictors. Let p = 10, and x4, ..., x19,€ are independent standard normal variables. Three
relevant features 1, x5, 3 and response are generated as

z1 ~ U(0,1)
xo = log(xz1) +e1, e ~U(-0.5,0.5)
3 = exp(z) +125+eq, ez~ N(0,0.1%)
y = (z1—20+123)%+e3, ez~ N(0,0.1%)

The sample size is set as n = 100. The criteria are the percentages of times a selection rule
selects x1, xo, w3, (1, T2,23), and only (z1,xs,z3) among 10 replications. Figure 3 shows
the barplot of these criteria when four selection rules are applied.

Example 1.3 The next example examines the performance of selection rules when there
is little linear trend in E(y|z). p is chosen to be 15, with z1, ..., 15 as independent standard
normal variables. The responses are generated as

Yy = (.’E1+$2+.’E3)2+81
Y = (10$1+5$2+$3)2+82

where 1,5 are Normal(0, 0.5%), and are independent of z’s. n = 100. Figure 4 and 5 are
barplots for y; and ¥, respectively.
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Example 1.4 Relevant features can appear in both E(y|z) and Var(y|z). This example
examines whether the selection rules can pick out features in the variance structure. p = 10,
and n = 100. zq,...,710,€ are independent standard normal variables. The response is
generated as

y = Blz+02-(088 v+3)?% ¢

where z = (x1,...,710), f1 = (1,1,0,0,0,0,0,0,0,0)", and 8, = (1,0,1,0,0,0,0,0,0,0)%.
Figure 6 is corresponding barplot.

Summary of simulation examples: Based on the barplots shown in Figures 1 to 6, it is
clear that the proposed added-variable selection approach successfully identifies the relevant
predictors, while AIC and BIC selection rules fail to do so.
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4 Suflicient variable selection for discrete response

4.1 Development

When the response y is categorical, we follow similar development of added-variable selection
approach as for continuous response, but employ a slightly different treatment. In this paper
we mainly focus on the binary response situations, which correspond to the most commonly
seen two-class classification problems in practice.

For the binary response y = (0,1), it can be trivially shown that

ylz ifand onlyif z|(y=0)Zz|(y=1) (20)

where 2 denotes the equivalence of distributions. Following Proposition 2.2 we have the
next proposition

Proposition 4.1 Given (a) p; = 1, (b) r2|(y = 0) < r2| (y = 1), (c) whenever
Sylryy € S(m), we assume Sy, , = S(m), then n; = 0, or say, z; can be removed from
analysis of y on z.

Proof The proof is completed by inducing the contradiction when assuming 7, # 0. By
condition (a) and assumption 7; # 0, we get 712 1L x5 | 7] r1j2. Following Proposition 2.2,
we have y 1L 712 [ 7] r1p2, or equivalently, Syire C S(m). Then by condition (c), we have
Syirij, = S(m). Meanwhile, condition (b) suggests that Sy, , = S{0}, which in turn implies
that n; = 0. However this contradicts the assumption that n; # 0.

Proposition 4.1 is the theoretical basis of the added-variable selection approach for bi-
nary response problems. A backward one-variable-at-a-time elimination procedure is used.
The predictor residual 715 is estimated by OLS residual e;p. Kolmogorov-Smirnov test is
employed to test distribution equivalence condition in Proposition 4.1 (b). An algorithm
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similar to Algorithm I can be developed analogously for the binary response problems.

Algorithm IT

1. Let x.4nq denote the current set of candidate predictors. At the start of the algorithm
Zeang contains all predictors in the input space. Let peqnq denote the number of variables
in Lcand-

2. Let x; denote the ith predictor in Z.qnq, ¢ =1, ..., Peand-

(a) Partition Z.gnq as ¥1 = x;, T2 = _;, where x_; denotes variables in z 4,4 excluding
Z;.

(b) Compute the residual 71, by applying the selected smoothing approach to the
fitting of 21 on Z».

(c) Test the hypothesis Hg : 712 | (y = 0) L 12| (y = 1) using Kolmogorov-Smirnov
test. Store the p-value for this test.

3. Identify the predictor with the largest p-value in step 2. If this p-value exceeds a
perspecified threshold, drop the associated predictor from x.4,q, decrement p.unq and
repeat step 2; otherwise stop.

4.2 Another view

Next we assume the design matrix x to be orthonormal, and the elements of x are independent
with each other. We then adopt a semi-parametric model to gain some insight to the proposed
variable selection approach. Specifically, we consider the model

9(@) = g(z1,22) = g(2)
1
1+ exp(—g(z))
. 1 with probability p(z)
Y = 1 0 with probability 1— p(z)

p(z) =

where x = (27, 21)T € IRP, and g(z) is a function determining the decision boundary and

depends only on z5. Under this setting, we have y I x; | z9, and x; Il 9, and hence, y 1L ;.
Therefore,

f(rl\Q‘yzl)_f($1|y:1)_f($1)

Fraly=0) " fry=0) " flar) " 21
where f(-) stands for the density function.
On the other hand, we know
fly=1]|x) plz)
e =0 BT I
fly=1]|x) flzly=1) fly=1)
8y =0z) ~ Bialy=0) "B fy=0)



Therefore,
= g(z2) — log ?yij (22)

In addition, we have

f@ly) = flz, 22| y) = Fla |22, y)f (22| y) = flz1|22) f(22]y)
where the last equality comes from the fact that y Il 2 | 5. Henceforth,

1 flz|ly=1) floy|22) f(2a |y =1) flza|y=1)

B Faly=0) % farafy=0) ¢ fa]y=0 )
Substitute (23) back to (22), we obtain
flza|y=1) _ o fly=1)

& F(w2 |y =0)

Since z1 Il x9, we finally have

flranly=1) _ flaly=1) _ [ 1. @=1
ﬂmmyzm‘fmﬂyzm"p{“g)lgfwzm} (24

Equation (21) states that if z; is not in the model, then the ratio of two density functions
f(ri2|ly =1) and f(ry2|y = 1) should be 1; while equation (24) implies that if z, is indeed

in the model, then the ratio of two density functions f(roq |y = 1) and f(ron |y =1) is a
function of xs.

5 Simulation examples II

Example 2.1 The first example follows the setting in the previous section. Specifically,
let p =10, and z1,...,x19 be independent standard normal random variables. Consider the
binary response model

g(x) = (21 + 20+ 23)% —2
1

1+ exp(—g(z))
y ~ Bernoulli(p(z))

p(r) =

Under this setting, the decision boundary is determined by (z; + z2 + x3)* — 2 = 0. There
are about half observations of y taking value 1 and half 0. A large sample size is chosen as
n = 3000. The added-variable selection rule for discrete response will be labeled as AVD
in the rest of the section for brevity. The threshold for p-value in step 3 of Algorithm II is
set as 0.1, the same as for continuous response cases. AIC and BIC selection rules are again
implemented for comparisons. The criteria are the percentages of times a selection rule picks
out x, Ta, x3, (T1,%2,x3), and only (x1, 2, z3) among 10 replications. Figure 7 shows the
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Figure 7. Figure 8.

barplot of the criteria when AVD, AIC, and BIC selection rules are applied.

Example 2.2 The next example employs the following nonlinear decision boundary z;/(xo+
x3) —5 = 0, which yields that most observations of y are 0, and very a few are 1. In addition,
p = 10,n = 3000.
x1
T) = -9
g( ) To + X3
1

1+ exp(—g())
y ~ Bernoulli(p(z))

Three selection rules AVD, AIC, and BIC are applied with 10 replications. Figure 8 is the
barplot constructed in the same manner as Figure 7.

Example 2.3 In this example, we still set n = 3000,p = 10 with x4, ...,z following the
standard normal distribution, but introduce nonlinear relations among x1, zo and z3. Figure
9 shows the corresponding barplot

Ty U(O,l)
zo = log(z) +e1, e~ U(-0.3,0.3)
T3 5+$2+€2, €9 (, )
g(z) = exp(x)+zy+22-3
1
p(z) =

1+ exp(—g(z))
y ~ Bernoulli(p(z))
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Summary of simulation examples: Based on the barplots shown in Figures 7 to 9, it
is clear that, when the response is binary, the proposed added-variable selection approach
successfully identifies the relevant predictors, while AIC and BIC selection rules fail again.

6 Discussion

We have found that the proposed added-variable selection approach useful during the ex-
ploratory data analysis stage. The approach does not require parametric model specifica-
tion, thus applies naturally to any prediction model. It also enjoys computational simplicity,
therefore lends itself to large-scale data and real-time applications. In the high-dimensional
regression and data mining problems, the effective variable selection can both significantly
improve the prediction accuracy and facilitate the model interpretation.

There are many selection rules in addition to AIC, BIC for variable subset selection.
However most of those rules work only for the linear regression problems. There is also
another class of variable subset selection approaches which are mainly data-driven. Two
most commonly seen examples include cross validation and bootstrap. It is noteworthy that
those approaches actually do variable selection and model fitting simultaneously, while our
proposed approach focus on the variable selection without fitting any model. This differ-
ence corresponds to that of a wrapper-based selection approach and a filter-based selection
approach in machine learning research. Details of comparison can be found in Koller and
Sahami (1996).

Variable subset selection is regarded as a discrete selection procedure, because individual
predictor only has two states in the model, present or absent. Alternatively, a class of contin-
uous variable selection approaches through coefficient shrinkage have been proposed. Some
representative examples include the ridge regression, the least absolute shrinkage and selec-
tion operator (Lasso, Tibshirani, 1996), and the nonconcave penalized likelihood selection
(Fan and Li, 2001).
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